Introduction
This note is about the heat kernel on a connected sum M of non-compact manifolds M 1 , M 2 , . . . ,M k assuming that one knows enough about the heat kernels for each M i individually (which is the case when M i are complete manifolds of non-negative Ricci curvature). We announce here matching uniform upper and lower bounds for the heat kernel on such manifolds M . The proofs will be given elsewhere.
For an arbitrary Riemannian manifold M , denote by ∆ the Laplace operator of the Riemannian metric of M and by p(t, x, y) the heat kernel, that is, the smallest positive fundamental solution to the heat equation u t = ∆u on R + × M (here x, y ∈ M and t > 0). Alternatively, p(t, x, y) can be defined as the kernel of the semigroup exp (t∆). Yet another definition of p(t, x, y) is that it is the density of the transition probability of the Brownian motion on M generated by the operator ∆.
In R n , the heat kernel is given by the classical formula p(t, x, y) = 1
On a general manifold M , one may hope to obtain some estimates of the heat kernel related to the geometry of M . In the past two decades, this question has received considerable attention from many authors. This was partially motivated by various important applications of heat kernel bounds although the question of understanding the interplay between the heat kernel and the geometry is interesting by itself. The celebrated theorem of Li and Yau [16] says that if M is a geodesically complete manifold with non-negative Ricci curvature then
Here V (x, r) is the Riemannian volume of the geodesic ball B(x, r) of radius r centered at x ∈ M ; d(x, y) is the geodesic distance between the points x, y ∈ M ; C, c are positive constants. There are many other settings when certain heat kernel bounds are known -see for example [1] , [3] , [4] , [7] , [8] , [11] , [12] , [18] , [17] .
In most known estimates the heat kernel is controled by two multiplicative terms: a Gaussian factor exp(− d 2 (x,y) Ct ) and a long time decay term which is some function of time t as in (1) and (2 ) . The reason is that in most situations considered previously the manifold M possesses a certain degree of homogeneity so that p(t, x, y) depends on x and y mainly via the distance d(x, y). At the present time, there are no methods yielding satisfactory heat kernel bounds for highly inhomogeneous manifolds having substantially different geometric properties in different parts. The manifolds with ends considered in this note can be regarded as the simplest case of such non-homogeneous manifolds.
The main results are Theorems 1 and 4. Since the results are not simple, we first explain them for connected sums of Euclidean spaces (Section 2). The general case is considered in Sections 3 and 4.
Connected sums of Euclidean spaces
Let M 1 , M 2 , . . . , M k be a finite family of geodesically complete non-compact Riemannian manifolds. We say that a manifold M is a connected sum of M i 's and write
In other words, in order to obtain M , one cuts out holes K i in each M i and glues together the rest of M i , that is E i , over some compact K. Of course, a connected sum is not uniquely defined. When writing M 1 #M 2 # · · · , we refer to any manifold which can be obtained in this way. Another point of view is to regard M as a manifold with ends E i assuming that each end E i can be closed to a complete manifold M i . Sometimes it is convenient to say that M i 's are the ends of M .
The connected sum R n #R n was considered by Kuz'menko and Molchanov [15] as early as in 1979 as an example of a manifold where the Liouville property for bounded harmonic functions fails. However, even for this simple manifold, no uniform bounds of the heat kernel was known, except for partial estimates [2] , [19] . Our main results -Theorems 1 and 4, provide sharp uniform heat kernel estimates for a rather wide class of connected sums M 1 #M 2 # · · · #M k . In particular, they cover (but are not restricted to) the case when M i are manifolds with non-negative Ricci curvature.
In this section, we will explain our results in the situation when each M i is similar, at infinity, to an Euclidean space. To be precise, let us fix some (large) integer N and define the manifold R n := R n × S N −n , for all integers n from 1 to N . Clearly, R n has topological dimension N whereas, on a large scale, it resembles R n . It is natural to say that the asymptotic dimension of R n is n. It makes sense to consider the connected sums of R n 's with different n since all those manifolds have the same topological dimension N . Hence, the main example of this section is the manifold M = R n 1 #R n 2 # · · · #R n k . E.B. Davies [9] considered certain one-dimensional model spaces with ends having asymptotic dimensions n 1 , n 2 , . . . . and observed some interesting phenomena for the heat kernel long time behavior. For example, he showed that, if all n i = 2 and some n i > 2 then, for a fixed point x and for t → ∞,
In particular, the contributions to n of the ends with the asymptotic dimensions 1 and 3 are equal. Indeed, if n i = 1 or 3 then 2 + |n i − 2| = 3. E.B. Davies conjectured that the same is true for connected sums of manifolds, and the positive answer to his conjecture follows from our results (see Corollary 5) . Moreover, one can see that there is a certain duality between the manifolds of asymptotic dimensions less than 2 and greater than 2.
For the manifold M = R n , the following estimate of the heat kernel is wellknown:
d(x, y) being the geodesic distance on M . Here the sign means that the ratio of the right-hand side and of the left-hand side is bounded from above and from below by some positive constants, for all values of x, y ∈ M and t > 0. We always follow the convention that the constant c in the Gaussian exponential term may be different for the upper and for the lower bounds.
Consider now the manifold M = R n #R m where both n, m > 2. If t ≤ 1 then the estimate (3) holds again. Assume in the sequel t > 1. For any point
The point x ∈ M lies either in the central part K or in one of two ends R n \ K,
which is a special case of Theorem 1 below. However, even (4) exhibits some new phenomena. Let us consider two asymptotic regimes.
(a) Long time regime when t → ∞ whereas |x| and |y| stay bounded.
Clearly, (4) implies p(t, x, y) 1 t min(n,m)/2 so that the long time behaviour of the heat kernel is determined by the end with the smallest asymptotic dimension. (b) Medium time regime when t → ∞ and |x| |y| √ t. Then (4) implies
In particular, for the manifold M = R n #R n , in the medium time regime, we have
Note that even this estimate is new (see [2] for an upper bound and [19] for a lower bound in the medium time regime). For comparison, if x and y stay in the same end and |x| |y| √ t then p(t, x, y) t −n/2 as for the heat kernel of R n (see (8) below). Since n − 1 > n/2 , the estimate (6) reflects a bottleneck effect: for |x| |y| √ t, the heat kernel p(t, x, y) is substantially smaller if x, y are in different ends than if they are in the same end.
Each term in (4) has a clear probabilistic meaning. Let X t be the Brownian motion on M , that is, the diffusion generated by the Laplace operator ∆. Then p(t, x, y) is the density of the probability that X t hits y at time t after starting at x. Roughly speaking, there are two possibilities for a continuous path to get from x to y: either X t spends most time in R m or in R n . The probability of the former is of the order 1 t m/2 |x| n−2 and of the latter is of the order 1 t n/2 |y| m−2 . Another new effect can be observed when considering connected sums of at least three manifolds. Let
Assuming as above that t > 1, x ∈ R n i \ K and y ∈ R n j \ K where i = j, we have the following estimate
The first two terms here have the same interpretation as above. The third term is dominated by one of the first two if n = n i or n = n j (which is the case, in particular, when k = 2). However, if n < n i and n < n j (which may happen only if k ≥ 3) then the third term dominates, for t large enough. It roughly corresponds to the probability that X t goes from x to y spending a long time in the end with the smallest asymptotic dimension n. Hence, the most probable way of getting from x to y is by looping through the smallest end! If both points x, y belong to the same end R n i \K, then we have, for all t > 1,
Let us emphasize that in all the estimates above, we have assumed n i > 2 for all i. If n i ≤ 2 for some i then the heat kernel behaves differently as will be discussed in Section 4 -see Theorem 4 and Corollary 5.
The condition n i > 2 is equivalent to the non-parabolicity of R n i . A manifold M is called parabolic if the Brownian motion X t on M is recurrent, and nonparabolic otherwise. The non-parabolicity is equivalent to the existence of a positive fundamental solution of the Laplace operator (see the survey [13] for detailed account of parabolicity).
In our main results -Theorems 1 and 4 below, we will distinguish the cases when all the ends M i are non-parabolic or not.
The case when all the ends are non-parabolic
For any manifold M i , denote by d i the geodesic distance on M i , by B i (x, r) the geodesic ball on M i of the radius r centered at x, and by V i (x, r) the Riemannian volume of that ball. Also, let p i be the heat kernel of M i . Note that the non-parabolicity of M i is equivalent to
for some/all x ∈ M i . If M i is geodesically complete and, for some
then M i is parabolic -see [5] , [10] , [14] , [20] .
Let us introduce the following hypotheses, which in general may be true or not.
(i) The volume doubling condition: for some C > 0 and for all r > 0, r) .
(ii) The on-diagonal upper bound of the heat kernel: for some C > 0 and for
(iii) The off-diagonal lower bound of the heat kernel : for some C > 0 and for all t > 0, x, y ∈ M ,
For example, all the hypotheses (i), (ii) and (iii) hold if M i has non-negative Ricci curvature -see [16] . Note that, under the hypotheses (i) and (ii), the condition (10) is not only sufficient but also necessary for the parabolicity of M i . Let us also mention that (i) and (ii) imply an off-diagonal upper bound for the heat kernel matching (12) (see [12] ) as well as an on-diagonal lower bound matching (11) (see [6] ). The necessary and sufficient conditions for (i) and (ii) are given in terms of a relative Faber-Krahn inequality -see [12] . The hypotheses (i),(ii) and (iii) are equivalent to a parabolic Harnack inequality, which, in turn, is equivalent to the volume doubling (i) and a Poincaré inequality -see [17] and [11] .
In order to state the heat kernel upper bound on the manifold M , let us introduce the following notation. Denote as above For each i ≥ 1, fix a reference point
and define the function W (x, r) by
In words, W i (r) is the volume growth function for the manifold M i , W min (r) is the smallest volume growth, and W (x, r) switches between W i and W min depending on the location of x.
Finally, let us define the function H(x, t), for all t > 0 and x ∈ M , by
Theorem 1. Assume that all M i , i = 1, 2, . . . , k, are complete non-compact non-parabolic manifolds satisfying (i), (ii), and (iii). Then the heat kernel p(t, x, y) on the connected sum M = M 1 #M 2 # · · · #M k admits the following estimate: for all t > 0 and x, y ∈ M ,
where the term in (19) refers to the case when both x, y belong to the same end E i (otherwise d = ∞) . If all M i satisfy only (i) and (ii) (but not necessarily (iii),) then the upper bound in (18)- (19) is still valid.
In particular, if x ∈ E i and y ∈ E j where i = j then (18) - (19) yield
because in this case d ∅ (x, y) = ∞ and d + (x, y) = d(x, y). If x and y lie at the same end, that is, i = j then we obtain
Let us show examples of computation of the function H.
Example 1. Suppose that, for all i, the volume growth on M i is given by
where all n i > 2. The latter implies, in particular, (9) whence M i is nonparabolic. Next, we have W min r n , where n = min i n i . Assuming x ∈ E i and |x| > 1, we compute H(x, t) by
Hence, the estimates (20) and (21) become (7) and (8) 
If |x| ≥ √ t then H(x, t) log −α i |x|. Assuming y ∈ E j and |x| |y| √ t (where i = j) we obtain from (20) the following medium time asymptotic
If |x| << √ t then H(x, t) log 1−α 1 |x|. Assuming that |x| , |y| remain bounded while t → ∞, we obtain the long time asymptotic
The mixed case with both parabolic and non-parabolic ends
We will need here the following additional hypothesis.
(iv) Connectedness of the annuli: for all R large enough, the annulus
So far we have not required that the end E i is connected. Clearly, the connectedness of the annuli is even stronger assumption than the connectedness of E i . Basically, the hypothesis (iv) prohibits the situation when M i consists of two "nearly" disjoint unbounded parts connected only by a rare sequence of small tubes.
It is easy to see that any two-dimensional convex surface in R 3 satisfies all the hypotheses (i), (ii), (iii) and (iv), provided it is complete and unbounded. Also, all manifolds R n introduced above satisfy these hypotheses.
We start with the following lemma. 
which is formally self-adjoint with respect to µ. Denote by p the heat kernel of ∆. If h(x) is, in addition, harmonic then it is easy to see that 
Consider the weighted manifold M i = (M i , h 2 i ) and introduce similarly µ i , ∆ i and p i (since h i is not necessarily harmonic on M i , the kernel p i does not necessarily satisfies the analogue of (22)). Denote V i (x, r) = µ i (B i (x, r) ).
Lemma 3.
Suppose that all M i , i = 1, 2, . . . , k are geodesically complete manifolds satisfying (i), (ii), (iii) and (iv) . Assume that at least one of them is non-parabolic. Let h and h i be the functions defined as above. Then each M i is non-parabolic and satisfies the conditions (i), (ii) and (iii) (where one should naturally replace V i by V i and p i by p i ).
In fact, Theorem 1 remains true for weighted manifolds. Therefore, by Lemma 3, one can apply Theorem 1 to the above setting, estimate p, and then recover p by (22). To state the result which we obtain in this way, we need the following notation. Let us set
and define W min (r), W (x, r) and H(x, t) analogously to (14) , (15) and (16)- (17) where W i must be replaced everywhere by W i . 
where the last term refers to the case when both x, y belong to the same end E i (otherwise d = ∞).
Denote η i (r) := 1 +
Then (23) implies h i (x) η i (|x|). It is possible to prove that We see that the contributions of both ends R 1 and R 3 to the long time behavior of the heat kernel on M are of the same order t −3/2 . This may seem surprising, in view of the heat estimate (4) for the manifold R n #R m with n, m > 2, which contains both terms t −n/2 and t −m/2 . The explanation is that what counts for the manifold R 1 #R 3 is the heat kernel long time behavior on R 1 rather than that on R 1 . However, R 1 has the volume growth W 1 (r) r 3 and, therefore, the heat kernel of the order t −3/2 . This effect was first observed by E.B. Davies [9] in a model situation of a one-dimensional complex. Example 4. Let us take M 1 = R 2 and M 2 = R 3 . We compute as in the previous example, for r > 2 and |x| > 2, W 1 (r) r 2 , and W 2 (r) r 3 , h 1 (x) log |x| , and h 2 (x) 1, W 1 (r) r 2 log 2 r, and W 2 (r) r 3 .
If x ∈ E 1 and y ∈ E 2 then, for t > 2, we have H(y, t) |y| −1 whereas H(x, t) 1 log 2 |x| + 1 2 log |x| − 1 log t + .
Hence, for the chosen x, y, t, we obtain p(t, x, y) log |x| |y| t log 2 t + 1 t 3/2 1 log |x|
In particular, the long time asymptotic is as follows
whereas the medium time asymptotic (when |x| |y| √ t) is given by p(t, x, y) 1 t 3/2 log t .
In certain situations, the formulas (24), (25) and (26) can be further simplified. Namely, let us assume that, for r large enough,
Then we have the following relations, for r large enough,
where in the last line x ∈ E i and |x|, t are large enough. For example, (28) holds if W i (r) r α with 0 < α < 2. For this W i , we obtain We see that W i (r) and H(x, t) look like the corresponding functions on a nonparabolic manifold with volume growth r α * . Hence, to some extent, the parabolic manifold with volume growth r α can be regarded as dual to the non-parabolic manifold with volume growth r α * .
Corollary 5.
Under the hypotheses of Theorem 4, assume in addition that each manifold M i has volume growth of the order r n i where n i = 2. Denote n * i := 4 − n i , n i < 2, n i , n i > 2, and n := min 1≤i≤k n * i .
parabolic and, thus, M is also parabolic, then the estimate (29) cannot be true. Indeed, the long time decay t −n/2 given by (29) implies (9) , which contradicts the parabolicity of M . The case when all M i are parabolic will be addressed elsewhere.
